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Let (V, Q) be a quadratic vector space over K.
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O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where
O(x) = S(x,x) = 'xSx = Zsijxixj = Zs,-ixiz + 2Zi<j SijXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where
285(x,y) = Qlx +y) — Q(x) = O(y).
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Orthogonal groups

Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where

Q(X) = S(x7 x) = 'xSx = Zsijxixj = Zs,-ix% + 2Zi<j SijXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where

28(x,y) = Q(x +y) — Q(x) = Q()-
Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(»).
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Orthogonal groups

Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where
Q(X) = S(x7 x) = 'xSx = Zsijxixj = Zs,-ixf + 2Zi<j SijXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where
28(x,y) = Qx +y) — Q(x) — Q(»).
Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(»).
Q is diagonal and S is alternating.

Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).
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Orthogonal groups

Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where
Q(X) = S(x7 x) = 'xSx = Zsijxixj = Zs,-ixf + 2Zi<j SijXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where
28(x,y) = Qx +y) — Q(x) — Q(»).
Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(»).
Q is diagonal and S is alternating.

Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).

O(n) == O(K", ).
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Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where

O(x) = S(x,x) = xSx = > syxix; = > six? + 2 > i< SyXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where

28(x,y) = Qx +y) — Q(x) — Q(»).

Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(y).
Q is diagonal and S is alternating.
Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).

O(n) := O(K",I).
O(n) = Aut(o(n)) over C, R.
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Orthogonal groups

Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where

O(x) = S(x,x) = xSx = > syxix; = > six? + 2 > i< SyXiXj.
O(K",8) = {M € GL(n,K) : 'MSM = S} where

28(x,y) = Qx +y) — Q(x) — Q(»).

Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(y).
Q is diagonal and S is alternating.
Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).

O(n) := O(K",I).
O(n) = Aut(o(n)) over C, R.
How about another field?
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Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(y).
Q is diagonal and S is alternating.
Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).

O(n) := O(K",I).

O(n) = Aut(o(n)) over C, R.

How about another field?

The answer is Yes if it is over GF(2).
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Orthogonal groups

Let (V, Q) be a quadratic vector space over K.
O(V,Q) :={v € GL(V) : Q(vx) = Q(x) Vx € V} where

O(x) = S(x,x) = xSx = > syxix; = > six? + 2 > i< SyXiXj.
O(K",S) = {M € GL(n,K) : 'MSM = S} where

28(x,y) = Q(x +y) — Q(x) — Q(»).

Due to 2 = 0 in charK = 2, re-define S as: S(x,y) = Q(x+y) — Q(x) — Q(y).
Q is diagonal and S is alternating.
Thus, orthogonal group O(V, Q) is the automorphisms preserving (V, Q).

O(n) := O(K",I).

O(n) = Aut(o(n)) over C, R.

How about another field?

The answer is Yes if it is over GF(2).

This is a verification of Steinberg 1961 that Aut(o(n)) over a square free field
is simple, with non-simple exception n = 5.
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Combinatorial Basis €

Example: n =5

Vs 1)

V4 V3

Q::{Vl,...,V5, el,...,e10, t,...,1o, rl,...,r5}
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Combinatorial algebras €(n)

Df. Combinatorial basis € over a fixed commutative ring K

¢= U & where & ={vi,...,v,}andfor0<i<n-3
-1<i<n-3
¢y ={X1,... ,X( DK each X; is an (i 4 2) choice of dots in € }

i+2
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Combinatorial algebras €(n)

Df. Combinatorial basis € over a fixed commutative ring K

¢= U & where & ={vi,...,v,}andfor0<i<n-3
-1<i<n-3

¢y = {X1,... ,X( ny) each X; is an (i 4 2) choice of dots in € }

i+2

Let X = {vy(1)s -+ Vx() 1, Y = {Wy1)s -+ 5 Vy(ny ) € € Then X - Y is:

Y.y .- XUY\XnY ifXNY = {-} for some dot vy = vy
0 otherwise
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Combinatorial algebras €(n)

Df. Combinatorial basis € over a fixed commutative ring K

¢= U & where & ={vi,...,v,}andfor0<i<n-3
-1<i<n-3

¢y = {X1,... ,X( ny) each X; is an (i + 2) choice of dots in €[}

i+2

Let X = {vy(1)s -+ Vx() 1, Y = {Wy1)s -+ 5 Vy(ny ) € € Then X - Y is:

Y.y .- XUY\XnY ifXNY = {-} for some dot vy = vy
0 otherwise

€(n) = € L;isanon-associative commutative K-algebra where each L;
-1<i<n-3

is a grading subspace spanned by €. If K is a field of charK =2,
€(n) = G(n)QK where G(n) are simple Lie algebras over GF(2) introduced
I

by Kaplansky in 1982. We assume K = GF(2) so that €(n) = G(n).
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Multiplication in €(5) - Case 1
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Multiplication in €(5) - Case 1

V5 C v2

V4 V3

X .Y =Z but Z -Y =0
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Multiplication in €(5) - Case 2

Vi
Vs // D
V4 QO V3
XY =7
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Multiplication in €(5) - Case 2

12!
Vs // D
V4 QO V3
XY =2 and Z-Y=(X-Y) Y=X
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Block multiplication in €(10)

| Ly, Ly Ly Ly Ly Ly Ls Ly Lyp|
Li|| 0 Ly Ly Ly Ly, Lz Ly Ls Lg
Lo |Ly Ly L Ly, Lz Ly Ls Lg Ly
LillLo Li Ly Ly Ly Ls Lg Ly O
L, | Ly Ly L3 Ly Ls Lg Ly
Ly | Ly Ly Ly Ls Ly Ly
Ly || Ls Ly Ls Lg Ly
Ls | Ly Ls Lg Ly

[N eNeBoleNe]
e eBeoBoNeNe]

where L; - Lj = L;yjif -1 < i+j < n-3 and = 0 otherwise.
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Block multiplication in €(10)

| Ly, Ly Ly Ly Ly Ly Ls Ly Lyp|
Li|| 0 Ly Ly Ly Ly, Lz Ly Ls Lg
Lo |Ly Ly L Ly, Lz Ly Ls Lg Ly
LillLo Li Ly Ly Ly Ls Lg Ly O
L, | Ly Ly L3 Ly Ls Lg Ly
Ly | Ly Ly Ly Ls Ly Ly
Ly || Ls Ly Ls Lg Ly
Ls | Ly Ls Lg Ly

[N eNeBoleNe]
e eBeoBoNeNe]

where L; - Lj = L;yjif -1 < i+j < n-3 and = 0 otherwise.

Lo = o(n) is a simple subalgebra.
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Example in O(5) = Aut(Ly)

Let o € O(5) with respect to € = (v1 vy V3 g V5)

= (a(v1) am) a() avi) a(s)) =

SO OO
O = == O

Young-Jo Kwak Orthogonal groups O (n) over GF(2) as automorf
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Example in O(5) = Aut(Ly)

Let o € O(5) with respect to € = (v1 vy V3 g V5)

= (a(v1) am) a() avi) a(s)) =

SO OO =
S — = = O
—_ O = = O
—_—_ 0O = O
—_——= = O O

Then o <= a @~ € Aut(K(5)) split automorphism
where K(5) =L.; @ Lo
and v € Aut(Ly) with v(B) ='aBa for all B € o(5).
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Example in O(5) = Aut(Ly)

Vi a(vy)
K 2 (1), A1) (@)
Vs e %) a(v, v(e) a(vy)
8 J (e ) 70)
V4 ] V3 = a(Vry (i) a(vs)
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Example in O(5) = Aut(Ly)

Vi a(vy)
K 2 (1), A1) (@)
Vs e %) a(v, v(e) a(vy)
8 J (e ) 70)
V4 i V3 = a(Vry (i) a(vs)

v()=e+f+g+h+j
Yj)=e+f+g+h+i

V) =e+g+h+i+j
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Make orientation

We have [y(j), 7(f)] =(e) = E, +EpL where E, = [J,,,F:;] + [JPL,F,,].
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Make orientation

We have [y(j), 7(f)] =(e) = E, +EpL where E, = [J,,,F:;] + [JPL,F,,].

Letp =y, . ThenE, =j+h+e.
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Make orientation

We have [y(j), 7(f)] =(e) = E, +EpL where E, = [J,,,F:;] + [JPL,F,,].
Letp =y, . ThenE, =j+h+e.

Make orientation forj = {1, v3}.
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Make orientation

We have [y(j), 7(f)] =(e) = E, +EpL where E, = [J,,,FPL] + [JPL,F,,].
Letp =y, . ThenE, =j+h+e.

Make orientation forj = {1, v3}.

j=1fsel+ i)+ [i,h] iny(e) = [v(), v(f)]
where [f, e] = [{v3,vs},{vs, »}] isin [ F)
[h,i] = [{v2,va},{va,v3}] isin [J Fp]
[ 7h] = [{V3,V4}, {V47V2}] is in [ F, ]
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Make orientation

We have [y(j), 7(f)] =(e) = E, +EpL where E, = [J,,,FPL] + [JPL,F,,].
Letp =y, . ThenE, =j+h+e.
Make orientation for j = {1>,v3}.

j=fsel +[hi] +[i,h] iny(e) = [v(), v()]
where [f, e] = [{vs,vs},{vs,}] isin [ F,]
[h,i] = [{v2,va},{va,v3}] isin [J Fp]
[i,h] = [{v3,va}, {va, 2} isin [ F ).

Hencej = [h,i] = [{v>,va}, {va,v3}] isin [J,,,FPL].
Jj={v2,v3} is oriented - in (j)-side, that is «(v,)-side.
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The Oriented Form

a(v2) a(vs)
Vi
J V3
1% h V4
Vs ¢ V2 \
V3 f Vs
8 J
Va4 8
—
V4 V3
7(e) with respect to €y Oriented form of ~y(e)
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Futher problems of O(n) as automorphisms.

1. Extending GF(2) to characteristic 2 in general.
Suppose ax = [by, cz].
a=bc,b=caandc=abiffa=b=c=1¢€ F,(0).

The triangle multiplication property no longer works in characteristic 2.
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